We present a systematic derivation of the dynamical polarizability and the ac Stark shift of the ground and excited states of atoms interacting with a far-off-resonance light field of arbitrary polarization. We calculate the scalar, vector, and tensor polarizabilities of atomic cesium using resonance wavelengths and reduced matrix elements for a large number of transitions. We analyze the properties of the fictitious magnetic field produced by the vector polarizability in conjunction with the ellipticity of the polarization of the light field.
I. INTRODUCTION
One of the main motivations of current laser cooling and trapping techniques is to use atoms for storing and processing quantum information that is encoded in the atomic states by means of resonant or near-resonant light. Due to the weak coupling of neutral atoms to their environment, coherent manipulation of atomic states can be robust against external perturbations [1] . This makes optically trapped neutral atoms prime candidates for, e.g., the implementation of quantum memories and quantum repeaters [2] [3] [4] . For atom trapping, far-off-resonance laser fields are used because they ensure low scattering rates, compatible with long coherence times. The presence of these intense far-detuned light fields shifts the energy levels of the atom. In general, the light shift (ac Stark shift) depends not only on the dynamical polarizability of the atomic state and on the light intensity but also on the polarization of the field. For this reason, various experimental situations require a systematic study of the dynamical polarizability of the ground and excited states of atoms interacting with a far-off-resonance light field of arbitrary polarization. In particular, this becomes important for optical trapping using near-fields or nonparaxial light beams. One example is nanofiberbased atom traps, which have recently been realized [5, 6] and in which the nanofiber-guided trapping light fields are evanescent waves in the fiber transverse plane [7] . Another example is tightly focused optical dipole traps, where the longitudinal polarization component of a nonparaxial light beam can lead to significant internal-state decoherence [8, 9] . Plasmonically enhanced optical fields [10, 11] also have, in general, complex local polarizations. Therefore, the calculation of the resulting optical potentials in all these cases requires a suitable formalism to take polarization effects into account.
Despite a large number of works on the polarizabilities of atoms, most of the previous calculations were de- * Also at Institute of Physics, Vietnamese Academy of Science and Technology, Hanoi, Vietnam.
voted to the static limit [12] [13] [14] [15] [16] . Accurate polarizabilities for a number of atoms of the periodic table have been calculated by a variety of techniques [16] . These include the sum-over-states method, which is based on the use of available experimental and/or theoretical data, and the direct methods, which are based on ab initio calculations of atomic wave functions. The ab initio calculations of atomic structures involve the refined many-body perturbation theory, the relativistic coupledcluster calculations, or the random phase method [16] . High-precision ab initio calculations of atomic polarizability have been performed using the relativistic allorder method in which all single, double, and partial triple excitations of the Dirac-Fock wave functions are included to all orders of perturbation theory [14, 15] . Recently, in order to search for magic wavelengths [17] for a far-off-resonance trap, the dynamical scalar and tensor polarizabilities as well as the light shifts of the ground and excited states of strontium [17, 18] and cesium [19, 20] have been calculated for a wide range of light wavelengths. The principal idea of magic wavelengths is based on a clever choice of the trapping light wavelength for which the excited and ground states of an atom experience shifts of equal sign and magnitude [17] . Magic wavelengths have been found for atomic cesium in red-detuned traps [17, 19] and in combined twocolor (red-and blue-detuned) traps [20] . Searches for magic and tune-out wavelengths of a number of alkalimetal atoms (from Na to Cs) have been conducted by calculating dynamical polarizabilities using a relativistic coupled-cluster method [21, 22] . All the three components of the dynamical polarizability, that is, the scalar, vector, and tensor polarizabilities [23] , and the associated ac Stark shifts have been calculated for the cesium clock states [24] [25] [26] . Calculations of the adiabatic potentials for atomic cesium in far-off-resonance nanofiberbased traps [5, [27] [28] [29] have been performed [5, 20, [28] [29] [30] .
The vector polarizability was omitted in [20, 28] , but was included in the calculations for the ac Stark shifts in Ref. [30] . The scalar, vector, and tensor polarizabilities of atomic rubidium have recently been calculated [31] . Due to the complexity of the calculations for the dy-namical polarizability of a realistic multilevel atom, various approximations have been used and different expressions for the components of the dynamical polarizability have been presented in different treatments. One example is that the counter-rotating terms in the atom-field interaction Hamiltonian was neglected in Refs. [25, 26] but was taken into account in Refs. [20] [21] [22] [23] [24] . Another example is that the definition for the reduced matrix element used in Refs. [20] [21] [22] [23] [24] is different from that in Refs. [25, 26, 30] . Furthermore, the coupling between different hyperfine-structure (hfs) levels of the same finestructure state was taken into account in Refs. [20, 21] but was neglected in Refs. [24] [25] [26] . In addition, the numerical calculations require the use of resonance wavelengths and reduced matrix elements of a large number of atomic transitions, which are not available in a single source. Since the authors of previous works often did not describe in detail the formalisms and the data they used, it is not easy to see the connections between their results and to employ them correctly.
The purpose of this article is to provide a systematic treatment of the dynamical polarizability of the ground and excited states of atoms interacting with a far-offresonance light field of arbitrary polarization. We specify all theoretical definitions and tools necessary for computing the light shifts of atomic levels. Based on the approach of Rosenbusch et al. [24] , we provide the details of the derivation of the expressions for the ac Stark interaction operator and for the scalar, vector, and tensor components of the dynamical polarizability. We also discuss the light-induced fictitious magnetic field. We supply a comprehensive set of experimental and theoretical data for resonance wavelengths and reduced matrix elements for a large number of atomic transitions that allows one to perform the computation of the light shifts of the levels associated with the D 2 -line transition of cesium. Furthermore, we present the results of numerical calculations for the corresponding components of the polarizability for a wide range of light wavelengths. Both, the atomic data and the numerical results are provided as electronic files which accompany this article [32] .
II. AC STARK SHIFT AND ATOMIC POLARIZABILITY
In this section, we present the basic expressions for the ac Stark shift operator and the scalar, vector, and tensor polarizabilities of a multilevel atom interacting with a far-off-resonance light field of arbitrary polarization [23] [24] [25] [26] . We also provide the results of numerical calculations for atomic cesium for a wide range of light wavelengths.
A. General theory
Hyperfine interaction
We consider a multilevel atom. We use an arbitrary Cartesian coordinate frame {x, y, z}, with z being the quantization axis. In this coordinate frame, we specify bare basis states of the atom (see Fig. 1 for the levels associated with the D 2 -line transition of cesium). Due to the hfs interaction, the total electronic angular momentum J is coupled to the nuclear spin I. The hfs interaction is described by the operator [1] V hfs =hA hfs I · J +hB hfs
Here, A hfs and B hfs are the hfs constants. Note that A hfs and B hfs depend on the fine-structure level |nJ . In the case of atomic cesium, the values of these constants are A hfs /2π = 2298.1579425 MHz [33] and B hfs /2π = 0 for the ground state 6S 1/2 and A hfs /2π = 50.28827 MHz and B hfs /2π = −0.4934 MHz [34] for the excited state 6P 3/2 . We also note that high-order hfs interaction effects, which mix different fine-structure levels |nJ , have been omitted in expression (1) for the hfs interaction operator V hfs . Due to the hfs interaction, the projection J z of the total electronic angular momentum J onto the quantization axis z is not conserved. However, in the absence of the external light field, the projection F z of the total angular momentum of the atom, described by the operator F = J + I, onto the quantization axis z is conserved. We use the notation |nJF M for the atomic hfs basis (F basis) states, where F is the quantum number for the total angular momentum F of the atom, M is the quantum number for the projection F z of F onto the quantization axis z, J is the quantum number for the total angular momentum J of the electron, and n is the set of the remaining quantum numbers {nLSI}, with L and S being the quantum numbers for the total orbital angular momentum and the total spin of the electrons, respectively. In the hfs basis {|nJF M }, the operator V hfs is diagonal. The nonzero matrix elements of this operator are
where G = F (F + 1) − I(I + 1) − J(J + 1).
ac Stark interaction
Consider the interaction of the atom with a classical light field where ω is the angular frequency and E = Eu is the positive-frequency electric field envelope, with E and u being the field amplitude and the polarization vector, respectively. In general, E is a complex scalar and u is a complex unit vector. We assume that the light field is far from resonance with the atom. In addition, we assume that J is a good quantum number. This means that we treat only the cases where the Stark interaction energy is small compared to the fine structure splitting. In the dipole approximation, the interaction between the light field and the atom can be described by the operator
where d is the operator for the electric dipole of the atom. When the light field is far from resonance with the atom, the second-order ac Stark shift of a nondegenerate atomic energy level |a is, as shown in Appendix A, given by [23, 24, 35 ]
Here, |a and |b are the atomic eigenstates with unperturbed energieshω a andhω b , respectively, and with spontaneous decay rates γ a and γ b , respectively, while γ ba = γ a + γ b is the transition linewidth. We can consider the energy shift (5) as an expectation value δE a = a|V EE |a , where
with
|b b|,
We assume that V EE is the operator for the ac Stark interaction [23, 24] , i.e., that it correctly describes not only the level shift but also the level mixing of nondegenerate as well as degenerate states. While this educated guess has not been derived from first principles, it is consistent with the results of the second-order perturbation theory for the dc Stark shift [12, 13] and of the Floquet formalism for the ac Stark shift [23, 24] .
Atomic polarizability
Let us examine the energy shifts of levels of a single fine-structure state |nJ . In general, due to the degeneracy of atomic levels and the possibility of level mixing, we must diagonalize the interaction Hamiltonian in order to find the energy level shifts. Since the atomic energy levels are perturbed by the Stark interaction and the hfs interaction, the combined interaction Hamiltonian is
In terms of the hfs basis states |(nJ)F M ≡ |nJF M , the Stark operator V EE , given by Eq. (6), can be written as
where
′ are the matrix elements and are given as [24] 
Here we have introduced the notations
with K = 0, 1, 2, for the reduced dynamical scalar (K = 0), vector (K = 1), and tensor (K = 2) polarizabilities of the atom in the fine-structure level |nJ . In Eqs. (10) and (11), we have employed the notations j1 j2 j m1 m2 m and j1 j2 j3 j4 j5 j6
for the Wigner 3-j and 6-j symbols, respectively. The notations ω n ′ J ′ nJ = ω n ′ J ′ − ω nJ and γ n ′ J ′ nJ = γ n ′ J ′ + γ nJ stand for the angular frequency and linewidth, respectively, of the transition between the fine-structure levels |n ′ J ′ and |nJ . The details of the derivation of Eqs. (10) and (11) are given in Appendix B. Note that the above-defined polarizabilities are just the real parts of the complex polarizabilities. The imaginary parts of the complex polarizabilities are related to the scattering rate of the atom [36] .
The compound tensor components {u * ⊗ u} Kq in Eq. (10) are defined as
Here,
√ 2 are the spherical tensor components of the polarization vector u in the Cartesian coordinate frame {x, y, z}.
The reduced matrix elements n ′ J ′ d nJ of the electric dipole in Eq. (11) can be obtained from the oscillator strengths
where m e is the mass of the electron and e is the elementary charge, or from the transition probability coefficients
We note that the Stark interaction operator (9) with the matrix elements (10) can be written in the form [23, 24] 
. (15) Here, α s nJ , α v nJ , and α T nJ are the conventional dynamical scalar, vector, and tensor polarizabilities, respectively, of the atom in the fine-structure level |nJ . They are given as [24] 
Note that for J = 1/2 and K = 2, the Wigner 6-j symbol in Eq. (11) is zero. Thus, the tensor polarizability vanishes for J = 1/2 states (e.g., the ground states of alkali-metal atoms). In the case of linearly polarized light, the polarization vector u can be taken as a real vector. In this case, the vector product [u * × u] vanishes, making the contribution of the vector polarizability to the ac Stark shift to be zero. We also note that γ n ′ J ′ nJ can be omitted from the denominators in Eqs. (5), (7), and (11) when the light field frequency ω is far from resonance with the atomic transition frequencies ω n ′ J ′ nJ .
In general, V EE is not diagonal neither in F and nor in M . Therefore, in order to find the new eigenstates and eigenvalues, one has to diagonalize the Hamiltonian (8), which includes both the hfs splitting and the ac Stark interaction. However, in the case where the Stark interaction energy is small compared to the hfs splitting, we can neglect the mixing of atomic energy levels with different quantum numbers F . In this case, the Stark operator V EE for the atom in a particular hfs level |nJF can be presented in the form [26] 
The coefficients α s nJF , α v nJF and α T nJF are the conventional scalar, vector, and tensor polarizabilities of the atom, respectively, in a particular hfs level. Note that the scalar polarizability α s nJF does not depend on F . This statement holds true only in the framework of our formalism, where the hfs splitting is omitted in the expression for the atomic transition frequency ω n ′ J ′ F ′ nJF in the calculations for the atomic polarizability, that is, where the approximation ω n ′ J ′ F ′ nJF = ω n ′ J ′ nJ is used. We also note that, if energies including hfs splittings are used in the denominators in the perturbation expression (5), then the wave functions of the states |a and |b in the numerators should also incorporate hfs corrections to all orders of perturbation theory [24, 37] . We emphasize that Eq. (17) is valid only when the coupling between different hfs levels |nJF is negligible. Thus, Eq. (17) is less rigorous than Eq. (15) .
Furthermore, we note that, when the off-diagonal coupling is much smaller than the Zeeman splittings pro-duced by an external magnetic field B, the mixing of different Zeeman sublevels can be discarded. In this case, the ac Stark shift of a Zeeman sublevel |F M (specified in the quantization coordinate frame {x, y, z} with the axis z parallel to the direction z B of the magnetic field B) is given by
The coefficients C and D are determined by the polarization vector u of the light field at the position of the atom. Note that the parameter C, which characterizes the vector Stark shifts, depends on the ellipticity of the light field in the transverse plane (x, y). This parameter achieves its maximal magnitude |C| = 1 when the longitudinal component of the field is absent and the light field is circularly polarized in the plane (x, y). We also note that the parameter D, which characterizes the tensor Stark shifts, vanishes when |u z | = 1/ √ 3.
Fictitious magnetic field
It is clear from Eqs. (15) and (17) that the effect of the vector polarizability on the Stark shift is equivalent to that of a magnetic field with the induction vector [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] 
Here, µ B is the Bohr magneton and g nJ and g nJF are the Landé factors for the fine-structure level |nJ and the hfs level |nJF , respectively. The nonrelativistic value of the Landé factor g nJ is given by [1] 
Here, g L = 1 and g S ≃ 2.0023193 are the orbital and spin g-factors for the electron, respectively. When the contribution of the nuclear magnetic moment is neglected, the Landé factor g nJF is
The direction of the light-induced fictitious magnetic field B fict is determined by the vector i[E * ×E], which is a real vector. Similar to a real magnetic field, the fictitious magnetic field B fict is a pseudovector, that is, B fict does not flip under space reflection. Another similarity is that both the real and fictitious magnetic fields flip under time reversal. If the light field is linearly polarized, we have i[E * × E] = 0 and hence B fict = 0. The middle expression in Eq. (21) shows that B fict is independent of F , that is, B fict is the same for all hfs levels |nJF of a finestructure level |nJ . Comparison between the middle and last expressions in Eq. (21) shows that the factor α v nJF /g nJF F does not depend on F . This conclusion is consistent with the relation
which can be obtained directly from the second expression in Eqs. (18) with the use of an explicit expression for the Wigner 6-j symbol F 1 F J I J . In general, the vector Stark shift operator can be expressed in terms of the operator J as
In the special case where the mixing of different hfs levels is negligible, that is, when F is a good quantum number, the vector Stark shift operator can be expressed in terms of the operator F as
The vector form of Eqs. (25) and (26) allows us to conclude that the fictitious magnetic field B fict can be simply added to a real static magnetic field B if the latter is present in the system [see Eqs. (C1) and (C3) in Appendix C].
Let us discuss the case of the ground state nS 1/2 of an alkali-metal atom. In this case, we have J = 1/2 and, therefore, α T nJ = 0. We assume that the hfs splitting of the ground state is very large compared to the Stark interaction energy. Then, the mixing of two different hfs levels F = I ± 1/2 of the ground state can be neglected, that is, F can be considered as a good quantum number. It is obvious that M is also a good quantum number when the quantization axis z coincides with the direction of the fictitious magnetic field B fict . For the hfs levels F = I±1/2 of the ground state nS 1/2 , we have
. When the hfs splitting of the ground state is very large compared to the light shift, the vector Stark shift operator is given in terms of the operator F by Eq. (26) . Hence, when the direction of the fictitious magnetic field B fict is taken as the quantization axis z, the vector Stark shifts of the sublevels M of the hfs levels F = I + 1/2 and F = I − 1/2 of the ground state are
and
respectively. These shifts are integer multiples of the quantity µ B g nJ B fict /(2I + 1). In other words, as expected from analogy with the well-known Zeeman effect, the shifts are equidistant with respect to the quantum number M . It is clear that the sublevels M and −M of the hfs levels F = I + 1/2 and F = I − 1/2, respectively, of the ground state have the same vector Stark shift. In contrast, the sublevels with the same number M of two different hfs levels F = I ±1/2 have opposite vector Stark shifts. Since the scalar Stark shift does not depend on F , the differential shift of the energies of the sublevels M ′ and M of the hfs levels F ′ = I + 1/2 and F = I − 1/2, respectively, of the ground state is just the differential vector Stark shift and is given by
This differential shift vanishes when M ′ + M = 0. This result is valid only in the framework of our formalism where the hfs splitting is neglected in the calculations for the atomic polarizability.
B. Numerical calculations
We now present the results of numerical calculations for the dynamical scalar, vector, and tensor polarizabilities of the ground and excited states associated with the D 2 -line transition of atomic cesium. Before we proceed, we note that, in order to search for red-and bluedetuned magic wavelengths for a far-off-resonance trap, the scalar and tensor polarizabilities of the ground and excited states of atomic cesium have been calculated [19] [20] [21] . Relevant parameters were taken from a number of sources [15, [49] [50] [51] . Very recently, the vector light shifts of cesium atoms in a nanofiber-based trap have been studied [30] . However, the results for the vector polarizability have not been explicitly provided.
Our calculations for the polarizabilities of cesium are based on Eqs. (16) in conjunction with Eqs. (11) . The calculations for the polarizability of the ground state 6S 1/2 incorporate the couplings 6S 1/2 ↔ (6-40)P 1/2,3/2 . The calculations for the polarizability of the excited state 6P 3/2 incorporate the couplings 6P 3/2 ↔ (6-40)S 1/2 and 6P 3/2 ↔ (5-42)D 3/2,5/2 . The energies of the levels with the principal quantum number n ≤ 25 are taken from [52] . The energies of the levels with the principal quantum number n ≥ 26 are provided by Arora and Sahoo [53] . The reduced matrix elements for the transitions 6S 1/2 ↔ (6-15)P 1/2,3/2 are taken from [54] . The reduced matrix elements for the transitions 6P 3/2 ↔ (6-10)S 1/2 and 6P 3/2 ↔ (5-8)D 3/2,5/2 are taken from [21] . The reduced matrix elements for transitions to highly excited states are provided by Arora and Sahoo [53] . These data were calculated by using the relativistic all-order method, which includes single and double excitations [21, 54] . The calculations for cesium were done in the same way as for rubidium [31] . The full set of parameters we used in our numerical calculations is given in Appendix D. The states whose energy differences from the ground state are larger than the cesium ionization energy of 31406 cm −1 provide a discrete representation of the continuum, similar to the calculations of Ref. [55] for lithium. We add the contribution of the core, equal to 15.8 a.u., to the results for the scalar polarizabilities [21] . The polarizabilities are given in the atomic unit (a. We plot in Fig. 3 the ground state is vanishing while the vector polarizability α v nJ (6S 1/2 ) of this state is significant (see Fig. 6 ) [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . At this specific wavelength, the ac Stark shifts of the sublevels of the atomic ground state are just the Zeeman-like shifts caused by a fictitious magnetic field B fict . In other words, when specified in the quantization coordinate frame {x, y, z} with the axis z parallel to the direction of the vector product i[E * × E], the sublevels |F M of the ground state will be shifted by an amount proportional to (−1)
. We note that the detunings ∆ 2 = ω v − ω D2 and ∆ 1 = ω v − ω D1 of the pure-vector-shift (scalar-shiftcancellation) frequency ω v = 2πc/λ v from the D 2 -and D 1 -line transition frequencies ω D2 and ω D1 , respectively, are such that ∆ 2 /∆ 1 = −2.03 ≃ −2, in agreement with the results of Refs. [39, 41, 42] . In order to understand this feature, we make a few additional approximations for the scalar polarizability α s nJ in the case where the level |nJ is the ground state nS 1/2 . We keep only the excited levels |n ′ J ′ = nP 3/2 and |n ′ J ′ = nP 1/2 in the sum over n ′ J ′ in Eq. (11) . In the framework of the rotating-wave approximation, we neglect the counter-rotating term containing ω n ′ J ′ nJ + ω in Eq. (11) . We also neglect γ n ′ J ′ nJ in the denominator of the co-rotating term containing ω n ′ J ′ nJ − ω. When we insert the result into the first expression in Eqs. (16), we obtain the following approximate expression for the scalar shift of the ground state:
(30) It is clear that α s nJ = 0 when
With the help of the formula [58] nJ d n ′ J ′ = (−1)
we find
This explains why the relation ∆ 2 ≃ −2∆ 1 is observed for the position of λ v in the case of Fig. 6 . The deviation of the ratio ∆ 2 /∆ 1 from the value of −2 is due to several reasons. The first reason is that a large number of transitions are included in our numerical calculations. The second reason is that the counter-rotating terms are taken into account in our calculations. The third reason is that we used the experimental values | 6P 3/2 d 6S 1/2 | = 6.324 a.u. and | 6P 1/2 d 6S 1/2 | = 4.489 a.u., with the ratio
98. The deviation of this ratio from the value of 2 is due to relativistic effects [54] .
III. SUMMARY
We provided a concise, yet comprehensive compilation of the general theoretical framework required for calculating the polarizability of the states of multilevel atoms in light fields with arbitrary polarization. Special emphasis is placed on the interpretation of the vector light shift as the result of the action of a fictitious magnetic field. We exemplarily applied the presented formalism to atomic cesium and calculated the scalar, vector, and tensor polarizabilities of the states associated with the D2-line transition. Using these results, we highlighted points of experimental interest such as the red-and bluedetuned magic wavelengths and a wavelength at which the scalar light shift of the ground state vanishes while the vector light shift is substantial. The underlying set of atomic data for the calculations of the polarizability of cesium is explicitly given in tabular as well as electronic forms. By providing all general tools and definitions in a single source and by discussing their respective range of validity, our work should facilitate the theoretical modeling of the light-induced potentials experienced by atoms in complex far-off-resonance optical fields, encountered, e.g., in nonparaxial or near-field optical dipole traps.
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Appendix A: ac Stark shift of a two-level atom interacting with a far-off-resonance light field We consider a two-level atom interacting with a far-offresonance light field. Let |a and |b be the bare eigenstates of the atom, with unperturbed energies E a =hω a and E b =hω b , respectively, and let ω, E, and u be the frequency, the complex amplitude, and the complex polarization vector, respectively, of the light field. The electric component of the light field is given by Eq. (3). The interaction between the atom and the field is given, in the dipole approximation, by Eq. (4). The evolution of the off-diagonal density-matrix element ρ ba of the atom is governed by the equatioṅ
where d ba = b|d|a is the matrix element of the electric dipole operator d = d ba |b a| + d ab |a b| and γ ba is the linewidth of the atomic transition |b ↔ |a . In general, we have γ ba = γ b +γ a , where γ b and γ a are the decay rates of the populations of the levels |b and |a , respectively. We assume that the atom is initially in the level |a , which can be, in general, higher or lower than the level |b . When the magnitude of the detuning ω − |ω b − ω a | is large compared to the atomic decay rate γ ba and to the magnitude of the Rabi frequency Ω = d ba E/h, we have ρ bb ≃ 0 and ρ aa ≃ 1. We use the ansatz ρ ba = ρ 
The induced dipole is given by
is the envelope of the positive frequency component. We find
The ac Stark shift δE a of the energy level |a is the time-averaged potential of the induced dipole moment p interacting with the driving electric field E and is given by
Here, the factor of 1/2 accounts for the fact that the dipole moment is induced. Inserting Eq. (A3) into Eq. (A4) yields
(A5) We emphasize that Eq. (A5) is valid for an arbitrary polarization of the light field. When we generalize Eq. (A5) to the case of a multilevel atom, we obtain Eq. (5).
Appendix B: ac Stark interaction operator and components of the dynamical polarizability
In this Appendix, we present the details of the derivation of the expressions for the ac Stark interaction operator V EE and the dynamical scalar, vector, and tensor polarizabilities [see Eqs. (9)- (11)]. For this purpose, we follow closely Ref. [24] . We use the Cartesian coordinate frame {x, y, z}. We introduce the notations
for the spherical tensor components of an arbitrary complex vector A = {A x , A y , A z }. In terms of the tensor components A q ≡ A 1q , with q = −1, 0, 1, the vector A ≡ A 1 is an irreducible tensor of rank 1. We introduce the notation {A ⊗ B} K for the irreducible tensor products of rank K = 0, 1, 2 of two arbitrary vectors A and B. The q component of the tensor product {A⊗B} K is defined as
is the notation for the Clebsch-Gordan coefficients. More general, an irreducible tensor product of two irreducible tensors U K1 and V K2 is defined as the irreducible tensor {U K1 ⊗ V K2 } K of rank K whose components can be expressed in terms of U K1q1 and V K2q2 according to
Meanwhile, the scalar product of two irreducible tensors U K and V K is defined as
When we use the formula [58] (
which is valid for commuting vectors, we can change the order of coupling of the operators in Eq. (6) to obtain
In deriving the above equation we have employed {u ⊗ u
When we use the definition (B5) for the scalar product of tensors, we can rewrite Eq. (B7) as
The explicit expressions for the compound tensor components {u * ⊗ u} Kq , which appear in Eqs. (B7) and (B8), are
The operators R + and R − in Eqs. (B7) and (B8) are given by Eqs. (7). In our treatment given below, the basis states |a and |b in Eqs. (7) are taken from the F basis states |nJF M , with unperturbed energies ω nJF M = ω nJ and spontaneous decay rates
′ be the matrix elements of the Stark interaction operator V EE in the atomic hfs basis {|(nJ)F M } for a fixed set of quantum numbers nJ. From Eq. (B8), we find
According to the Wigner-Eckart theorem [58] , the dependence of the matrix elements nJF M |T Kq |n
of tensor component operators T Kq on the quantum numbers M , M ′ , and q is entirely included in the Wigner 3-j symbol, namely,
Here, the invariant factor
is the reduced matrix element for the set of tensor component operators T Kq , with the normalization convention
(B17) and the complex conjugate relation
(B18) Since the electric dipole d is a tensor of rank 1, the application of the Wigner-Eckart theorem to the matrix elements nJF M |d q |n
The invariant factor nJF d n ′ J ′ F ′ is the reduced matrix element for the electric dipole operator d. With the help of Eq. (B19), we can rewrite Eq. (B13) as
When we use the symmetry properties of the 3-j symbol and the sum rule [58] m4m5m6 (−1)
We now insert Eq. (B23) into Eq. (B20) and then insert the result into Eq. (B12). Then, we obtain [24]
are the reduced scalar (K = 0), vector (K = 1), and tensor (K = 2) polarizability coefficients for the hfs levels within a fine-structure manifold nJ.
For the tensor component operators T Kq that do not act on the nuclear spin degrees of freedom, the dependence of the reduced matrix element
, and I ′ may be factored out as [58] 
Since the electric dipole d of the atom does not couple to the nuclear degrees of freedom and is a tensor of rank 1, the use of Eq. (B26) for the case T K = d yields [58] 
The summation over F ′′ in Eq. (B28) can be performed using the formula [58] 
The result is
When we insert the explicit expression (B14) into the above equation, we get [24] 
are the reduced scalar (K = 0), vector (K = 1), and tensor (K = 2) polarizabilities for the Stark shift of the fine-structure level |nJ . When we substitute Eq. (B31) into Eq. (B24), we obtain Eq. (10). Since
(B32) can be rewritten as Eq. (11) . The explicit expressions for the reduced polarizabilities α
When we neglect the linewidths γ n ′ J ′ nJ , Eqs. (B32) and (B33) come to full agreement with the results of Ref. [24] . We emphasize that, in the above calculations for the polarizabilities, we used the approximation ω nJF M = ω nJ , that is, we neglected the effect of the hfs splitting on the polarizabilities. This approximation is consistent with the perturbation theory scheme used in our case where the hfs splitting and the ac Stark shift are considered to be small perturbations of the same order. If the hfs splitting is much larger than the ac Stark shift, we can consider only the ac Stark shift as a perturbation. In this case, the operator for the ac Stark shifts of sublevels of a hfs level |nJF is given by expression [24] 
with the matrix elements
We note that, in the framework of the validity of Eqs.
(B34) and (B37), the different hfs levels F = I + 1/2 and F = I − 1/2 of the ground state have different scalar polarizabilities. This means that, when the hfs splitting is taken into account in the expression for the atomic transition frequency ω n ′ J ′ F ′ −ω nJF , a nonzero differential scalar Stark shift between the hfs levels of the ground state may occur.
Appendix C: Additional magnetic field
We consider the presence of a weak external real magnetic field B. The Hamiltonian for the interaction between the magnetic field and the atom is (−1)
Here, B −1 = (B x − iB y )/ √ 2, B 0 = B z , and B 1 = −(B x + iB y )/ √ 2 are the spherical tensor components of the magnetic induction vector B = {B x , B y , B z }. We note that Eq. (C2) is valid for an arbitrary quantization axis z.
When F is a good quantum number, the interaction operator (C1) can be replaced by the operator
In the absence of the light field, the energies of the Zeeman sublevels arehω nJF M =hω nJF + µ B g nJF BM .
Here,hω nJF is the energy of the hfs level |nJF in the absence of the magnetic field and M = −F, . . . , F is the magnetic quantum number. This integer number is an eigenvalue corresponding to the eigenstate |F M B of the projection F zB of F onto the z B axis. In general, the quantization axis z may be different from the magnetic field axis z B and, consequently, |F M may be different from |F M B . In order to find the level energy shifts, we must add the magnetic interaction operator V B to the combined hfs-plus-Stark interaction operator (8) and then diagonalize the resulting operator. 
